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Solution of Problems Involving Conventional

and Complex Distillation Columns at
Unsteady State Operation

R. C. WAGGONER and C. D. HOLLAND
Texas A&M University, College Station, Texas

The 6 method of convergence has been applied to conventional and complex columns at
unsteady state operation. A different holdup for each stage may be specified in terms of
molal, mass, or volumetric units. Plate efficiencies were used, and the K values and enthalpies

were taken to be polynomials in temperature.

The combination of the calculational procedure of
Thiele and Geddes (27) and the 8 method of convergence
(11} has been applied to solve problems involving con-
ventional and complex distillation columns at unsteady
state operation. A conventional column is one which has
one feed stream and two product streams, the distillate
and the bottoms. A complex column has any number of
feeds and/or one or more side stream withdrawals in ad-
dition to the distillate and bottoms. In the interest of sim-
plicity, the equations are developed for a conventional
column, and then a brief description of their extension
to include complex columns is presented.

The differential equations that represent a component-
materia] balance, a total-material balance, and an enthalpy
balance for plate j are as follows:

du.“
dt

(1)

Vs, + lj—-x,t — Uy l.N =

R. C. Waggoner is with Humble Oil and Refining Company, Baytown,
Texas.
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VJ+1 + Lj—l - Vj e Lj = - (2)

Vj+1Hj+1 + Lj-lhj-l - VJHS - Ljhl = (3)

dt
These differential-difference equations were first presented
by Marshall and Pigford (13). In the statement of the
material and enthalpy balances, the holdup in the vapor
phase was omitted because it is generally negligible.
Equation (1) implies that the composition of the liquid
is the same at each point on plate j at any time ¢. This
assumption is made throughout the course of the develop-
ments.

In order to complete the description of a plate, the equi-
librium relationship

Y = EpuKyxy (4)

is needed. The instantaneous vaporization efficiency (7,
26) is defined as

E” = y”/Y_“, and Y“ = Kjixli (5)
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where K, is evaluated at the temperature and composi-
tion of the liquid leaving plate j. This efficiency is related
to the modified Murphree efficiency (7, 15)

EM“ _ Yjo— Yjia,0 (6)

Y — Yiv1n
in the following manner:

Ey=E"+ (1—-E") %»,_1_; (7N
The temperature of the liquid leaving plate j is that T, >
0 which makes f(T;) = 0, where

f(T,) = vz: E; Kyx;—1 (8)

Many authors have used various combinations of Equa-
tions (1), (2), (8), and some form of an equilibrium re-
lationship in the investigation of the behavior of multi-
stage processes. Much of the work has been directed to-
ward finding either an analytical solution or a numerical
method for solving relatively simple problems (I, 18, 20,
22, 29). These workers made use of one or more of the
following simplifying assumptions: binary mixtures, con-
stant relative volatility, linear equilibrium relationships,
and constant flow rates. For the case of binary mixtures,
the remaining restrictions were removed by Huckaba et al.
(8, 9).

Among the first to consider multicomponent mixtures
were Rose et al. (21). In their method, Equation (1) was
solved by a procedure called the relaxation method. Al-
though the relaxation method was proposed-to determine
the final steady state solution, it could be used to obtain
approximations of transient conditions. Modifications of
this procedure for the solution of steady state problems
have been presented by Ball (3) (see also reference 7).
Mah et al. (12) presented a solution in matrix form for
the material-balance matrix for each component. Within
each time interval, the matrix coeflicients which contained
combinations of K;:, V,, and L, were held constant. Sar-
gent (24) extended the approach of Mah et al. to include
the case where the coefficients in the material balances
were supposed to be at least linear functions of time. It
was proposed to find the correct linear functions for each
time period by an iterative procedure. Recently, several
applications of the unsteady state distillation relationships
have been made in the area of process control (5, 17, 23).
Before the development of the equations is presented, a
brief description of the overall approach is given. Suppose
that at the particular time ¢ = t,, the temperatures, com-
positions, and flow rates are known throughout the col-
umn, and that it is desired to find the values of the vari-
ables at some time later t = t, + At

By use of a numerical technique, the differential-differ-
ence equations for each component are converted into a
set of difference equations for each time period At. The
equations so obtained are of the same general form as
those for columns at steady state. For each time period,
these equations are solved by a procedure analogous to
that used to solve the corresponding sets of steady state
equations, This procedure consists of a combination of
the Thiele and Geddes (27) calculational procedure and
the § method of convergence (11). The temperatures at
the end of the time period (time ¢, + At) are taken to
be the independent variables. On the basis of an assumed
temperature profile for the column at time ¢, + At, the
component-material balances are solved for the component
flow rates and holdups. The § method of convergence is
then applied to find a set of component-distillate rates d;
and component holdups u;. that are both in component-
material balance and in agreement with the specified val-
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ues of the total distillate rate and all of the holdups at
time t, 4+ At. Next the corrected compositions and tem-
peratures are computed. Then the total flow rates are
found by use of enthalpy and material balances. This pro-
cedure is repeated for each time period until component
flow rates and holdups of the desired degree of accuracy
are obtained, and then the procedure is repeated for the
next increment of time.

The equations for a conventional column are developed
in the same order in which they were mentioned in the
general approach, After the equations have been devel-
oped for a conventional column, the required modifica-
tions of these equations for the description of complex
columns are presented.

COMPONENT-MATERIAL BALANCES

Two general methods for the statement of the compo-
nent-material balance exist. In the first method each
material balance includes only one plate, Equation (1).
In the second method, the top (or bottom) of the column
and all plates between the top (or bottom) of the column
and the given plate are enclosed by each material bal-
ance. Both of them were investigated and found to be
about equally reliable.

Method I: Enclosure of One Plate by Each Component-
Material Balance

The differential-difference equation for each component
was converted to a linear difference equation with variable
coeflicients by use of a numerical technique called the
implicit method. This method is similar to the well-known
implicit method for the numerical solution of partial dif-
ferential equations such as the classical problem of un-
steady state heat conduction (10, 19). One of the first
applications of this method to multicomponent distillation
problems was made by Ball (3) as described in reference
7, and a variation of this method was used by Rosenbrock
(22).

In this method, the difference quotient for the deriva-
tive is approximated by use of a weighted average of the
values of the derivatives at times t, and £, + At as

du,; du,u
= 1—
# dt tpeat +( #) dt

_ unlt"mt - u“]s,.

tn At

(9)

where the weighting factor p lies in the interval 0 =
= 1. When the derivatives of Equation (9) are replaced
by their values as given by Equation (1), the result

# (Vs F s — 50— i) ltn+M +

(1 —p) (Vpae + Ly — 050 — L) I’n =

u”lt,,mt —_ u,,|.,,

At (10)

is obtained. A far simpler way to obtain identically the
same result [Equation (10)] is to restate Equation (1)
as an integral-difference equation

atat
j:n (Vsens + Lai—uv,— Li)dt = u“jt,,mt *u”]‘"
(11)

and then to replace the integral by an approximation
whereby the values of the integrand at ¢. -+ Af and £, are
given the weights . and (1 — p), respectively.

Note than when p = %, the implicit method reduces
to the well-known trapezoidal rule for the approximation
of an integral; this rule is also called a two-point or
trapezoidal corrector (14). Because of the directness of
the second approach used to obtain Equation (10), this
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approach is employed in the remainder of the develop-
ment.

Each component-material balance may be stated in
terms of either the v,’s, LiJ’s, or u,’s by use of the fol-
lowing relationships:

Lii = Apvy; v = Splis

and Uy, = ZAH‘U’{ (12)
L,
Let the values of the variables at the end of each time
increment (time ¢, + Af) be denoted by vy, L, and u;,,
and let the values of the variables at the beginning of
each time increment be identified by superscript o, for
example, v,,°, ,,°, and u,.°. When stated in terms of the
v;:’s the component-material balances for a column are as
follows:

— Pot Vot -+ Oy = — Py
Aj105a,0— pj¥y + Vg = — Py, (l = i = N) (18>

Axi®ye — praas Omaas = — Prag
where
pr=1+ A;u(l + "':/I-")
Py=2z+ a2 + 0y — (A% + 1)0%,

A%, 07
=+ A01-1,c 1701-1,4] -+ T_i"'j—'ii for 7 = f_ 1’

2= 0p; for j=f, 2 = lLy; for all other §, 2=10

For any given set of values for the L/V’s, efficiencies, and
temperatures at the end of the time increment, the com-
ponent-material balances for each component i constitute
a set of linear algebraic equations in the v,,’s. For equa-
tions such as these, which are tridiagonal in form, recur-
sion formulas are readily available (6, 10) for determining
the unknown vapor rates. The use of the formulas has
been demonstrated by Ball (3) as described in reference
7.

Method I1: Enclosure of the Top of the Column and Each
Plate by the Component-Material Balance

For a conventional column, the material balance en-
closing the top of the column and plate j (for j < f — 1)
is given by

t,+At
J: (‘D}ﬂ,c - lj¢ — vnc) dt =
n

; §
§ " Ups — U
tptal
k=0

k=0
Similar equations may be stated for j = f — 1 through j
= N. When the values of the integrals are approimxated
by use of the implicit method, and when the 1,;’s and u,.’s
are stated in terms of the v,.’s a set of simultaneous equa-
tions in the v,/’s is obtained. For any component i, these
equations may be represented in matrix notation as

Av=P (15)

(14)

tn

where the matrix A is a supertriangular matrix (10) of
the form

an 1 0 0...0
axn O 1 0...0
Ono1,1 Ay-1,2 [/ . |
A1 (229 Anz oo Qpn

Matrix A is of order (N 4 2) and contains the coefli-
cients of the v,:’s The matrices v and P are column vectors
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of order (N + 2). Matrix v contains the unknown v,/’s,
and P contains a set of terms (whose values are known)
which are similar to those that appear in the P,s of
Equation (13). This system of equations may be solved
by Crout’s method, described elsewhere (6, 10, 16).

CONVERGENCE METHOD

If, after the component flow rates and holdups have
been calculated, the values so obtained are not in agree-
ment with the specified values of the total distillate rate
and the holdups at time #, + Af, the correct set of tem-
peratures was not selected. The ¢ method of convergence
is an indirect method for choosing a new set of tempera-
tures. This method alters or corrects the mole fractions,
and on the basis of these mole fractions, new temperatures
are computed as described in the next section. The cor-
rected sets of mole fractions reflect the certainties that
each component must be in overall material balance and
in agreement with the specified values for the total dis-
tillate rate and the total holdups. By specified values is
meant that at the beginning of a time increment (time
t.), the values of say D and the U,’s are known at time
t, + At. That is, at time ., the specified values must either
be known at time . -+ At or be calculable from previous
sets of transient conditions at time #, or any number of
times ¢ < t,. The situation where the specified values at
time ¢, + At depend upon the transient conditions at time
t. + At is not treated. The ¢ method of convergence for
molal, mass, and volumetric holdup specifications follows.

0 Method of Convergence Where Molal Holdups Are Specified

The ¢ method of convergence for columns at unsteady
state operation is similar to the § method of convergence
for the steady state problem of a column with any number
of side streams. For each side stream withdrawn, the ad-
ditional information (or specification) consisting of its
flow rate gives rise to a ¢ multiplier (11). For a column at
unsteady state operation, the molal holdup specification
for each plate or stage (except the reboiler) gives rise to
a 4 multiplier. These multipliers are determined such that
the corrected set of d.’s and u,.’s are both in overall mate-
rial balance and in agreement with the specifications

D, Uo: Ul: s vy UN+1

The ¢ method of convergence is related in spirit to the
concept of the Lagrangian multipliers (25) in that for
each condition of restraint or specification made on the
system there exists a multiplier. However, at this point
the similarity ends.

In the Appendix, a development leading to the following
consistant set of multipliers is presented:

(3).=(3)

co ca

) (ﬁf_) <i=<N

(di)co 0j dt ca’o_i_

The knowledge of the holdup Uy.. of the reboiler does not
give rise to a § which would carry the subscript (N + 1)
because (@y.ii/di)e may be expressed in terms of

(bi/d.) , as follows:
(umm ) _(UN+1 ) (bc) —9 (Unm)(bc)
d /. \'B /\a. /.. "\"B/\d/,
(17)

[Note that the specification of L, (or V,) does not lead
to a multiplier because this specification is used to com-
pute the condenser duty.]

(16)
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Also, as shown in the Appendix, this set of §’s is consist-
ent with the following formula for the calculation of the
corrected mole fractions:
l“ )
() -

G

2 () @

iz1 dl

By use of a procedure analogous to the one presented in
the Appendix, it is readily shown that
(di) oo

( D“
d{ ca

2 () @

di ca

The formula for (d:).. is found by use of the overall
material balance

(xu).,a = (18)

(yld)aa = (19)

421

I R = () (At = 2 (w00

j=0

ta+bt

N4l

— 2 Ujse
=0

When the integral is approximated by the implicit method
and the resulting expression is solved for (d.)., the fol-
lowing result is obtained upon replacing the corrected
rabti())s by their equivalents as given by Equation (16):

( i) co ™

(20)

tn

N+1

1
FX;, + G'[FDX¢° —_ dto -_ b‘u] + (——'—) 2 uo”
RAL /4

b; UN+1/B 1 Uy
o () [+ 22 1+ (50) 2 o(3)
+e d. + w At + u At ,%0’ d:

ca

ca

(21)

Except for the #,s, all other quantities appearing in Equa-
tion (21) will be known after each trial calculation
through the column. Likewise, by use of Equations (16)
and (21), the (u;:)..’s may be stated in terms of the un-
known 8,’s. The desired set of 8,’s is that set of positive

numbers that makes g, = g. = g = ... = g» = (,
simultaneously, where
g—l(e—l, 80, &1y« « 0N) = 2 (d{)ca —D

izl (22)

2

gd(e-boo, [/ ‘0N) = 2 (“”)“—'U”()éiéN

iz1

These equations apply for a column with a partial con-
denser. When a total condenser is employed, g, is ex-
cluded and (ue/d.)., is replaced wherever it appears by
its equivalent U,/D. The desired set of 9;°s was found
by use of the Newton-Raphson method (16), also called
Newton’s method (10}. This application of the Newton-
Raphson method parallels that presented in reference 7 for
complex columns at steady state operation.

0 Method of Convergence Where Mass Holdups Are Specified

If instead of molal holdups the total mass holdups are
specified, then the specifications to be satisfied are as
follows:

D: MD, Ml} MZ, L) mlvﬂ
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The development for this case is shortened by using the
results of the previous case. Let the corrected mass holdup
of component i on plate j be denoted by (m,.).., which is
related to (u:).. as follows: (my.)e = (151)0.M., Where
M, = molecular weight of component i. The formula for
(my;) ., in terms of 4, is obtained by replacing (u;:).. by
its equivalent as given by Equation (16).
u
(mit)co=0l('j:‘> (di) oo M (23)
] ca

The formula for (d:).. is obtained by replacing the de-
nominator of Equation (21) by

N1

b¢ 1 i
1+0_1(—) 2 (31—)

dt ca M At j=0 dc

Thus, for the case where the mass holdups are specified,
the specification .. leads to the independent 6, namely
0x,1. This results from the fact that when the- #,’s are
specified, the term Uy../B of Equation (17) depends
upon the 4,’s.

Hence, for the case where mass holdups are specified,
the g functions to be satisfied are as follows:

g-1(0-1, 00, Oy v0 0y 0N+1) = z (di)co —D
i1

g (0—1,'00, 01, ey 0N+1) = 2 (mlt)co‘— mb 0= 7 =N +1

=1

J

(24)

The desired set of 8,’s is that set of positive numbers that
makes g, = g =g = ... = gyo = 0, simultaneously.

When the ¥,’s are specified, the corresponding U,’s at
times ¢, and ¢, + Af are needed in the component-material
balances. The value of U, at time ¢, is the value obtained
at the end of the calculational procedure for the previous
time increment. At the end of the first and all subsequent
trials for any given time increment, the value of U, at
time ¢, 4+ At is computed as follows:

v, | =Xime (25)
tptAt i=1 Mt

6 Method of Convergence Where Volumetric Holdups Are
Specified

If the volumetric holdups of the condenser, each plate,
and the reboiler are specified, and it is supposed that the
volumes are additive, the § method is applied in the same
manner as described for the previous case. Also, the same
equations apply provided the symbols M., m,,, and I,
are redefined to mean the molal volume of component i
in the liquid on plate f, the volume of component i on plate
j, and the total volume of liquid on plate j, respectively.

DETERMINATION OF THE TEMPERATURES

After the 6,’s have been determined, the corresponding
values of (d:)., are used to compute a corrected set of
mole fractions [Equations (18) and (19)] for each plate.
These mole fractions are used to compute a new set of
temperatures by use of the K, method (7, 26). This
method consists of a procedure for approximating the
temperature of each plate and thereby eliminating the
trial and error involved in the use of the conventional
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bubble-point expression, Equation (8). As described in
Chapter 15 of reference 7, when the K, method for the
determination of T},,,, is employed, the x,,’s and y,,’s given
by Equation (18) and (19) form a consistent set in that
the temperature predicted for the next trial (n+1) for a
given time period At is the same regardless of whether
x,’s or y,.’s are employed.

ENTHALPY AND TOTAL-MATERIAL BALANCES

The corrected x,;’s and the corresponding temperatures
found by the K, method are used to determine a new set
of total flow rates by use of enthalpy and total-material
balances. Thus, as in the calculation of the temperatures,
the most recently calculated values of the variables are
used in subsequent equations. Such an iterative process is
recognized as the Gauss-Seidel method (10) for solving
simultaneous equations.

As illustrated for the material balances, each enthalpy
balance may either enclose only one plate or it may en-
close the top (or bottom) of the column and each given
plate. Both of these methods were investigated and found
to be equally reliable. The expression for the liquid rate
Ly (1 =4j=f-— 2) as given by the constant-composition
method (7) is developed in the following manner. An
enthalpy balance enclosing the top of the column and plate
i is represented by

fﬂ (V:H-IH!H_LJ h‘j—DHD—Qc) di

ta
H

= 2 (Ui he — Ul h)  (26)

k=0

When the value of the integral is approximated by the
implicit method and when the quantity V,.H,. is re-
placed by it equivalent

[4
Vj+1 Hjﬂ = 2 HJ’H,i Vjt, i

i=1

=2 Hj+1,l[ljl + dt + o (lou

3
1
+d.— Uaju,i) + — 2 (um —_ u°ki> }
fLAt k=0

the expression so obtained may be solved for L, (1 =j =
f— 2) to give
L, =
- D[H(XD)]+1 - HD] + Qc + O'[VOMI[H (y"f‘rl)fﬂ -
[H(x;);0— h]
- LIO[H(xi“)ju - h'jo_] - D [H(Xna)ju - HDO:] + Qc"]
[H (%)) 10— 7]

HOI+1]

El
(L) 2 w—vaasi=i-2 @)
I At k=0

For columns at steady state operation, the advantages of
the constant-composition method over the conventional
method for making enthalpy balances have been demon-
strated (7), and these same advantages exist for columns
at unsteady state operation.

The Q method (7) was used in conjunction with Equa-
tions (27) and (28) in the determination of the flow
rates. The Q0 method makes use of intercoolers (or heaters)
as required to maintain the flow rates throughout the
column within specified limits.

COMPLEX COLUMNS

Except for a few relatively minor modifications that
follow, the treatment of complex columns is analogous to
that presented for conventional columns.

When each component-material balance encloses only
one plate, the equations for a complex column are of the
same form as those given by Equation (13), provided that
no pump-around [a stream withdrawn from some plate,
heated (or cooled), and returned to either the same or
some other plate of the column] is returned to the col-
umn more than two plates above or more than two plates
below the one from which it was withdrawn. When a
pump-around is returned more than two plates above or
below the one from which it was withdrawn, a corre-
sponding element is obtained that lies on a diagonal above
or below the three diagonals that contain the coeflicients
of the v,’s. These equations may be solved by use of
Crout’s method.

When the component-material balances enclose the top
(or bottom) of the column and each plate, expressions of
the general form given by Equation (15) are obtained.
Each pump-around stream returned to a plate lower than
the one from which it was withdrawn leads to an element
that lies on a diagonal above those of the supertriangular

part of the matrix A of Equation (15). However, the pres-
ence of such elements requires no modification of Crout’s
method.

When the molal holdups (0 = j = N + 1) are speci-
fied, the expressions given by Equations (16) through
(19) and (22) of the 6 method of convergence are ap-
plicable, provided the formula given by Equation (30) is
used for (d.).. That these equations apply is shown in
the following manner. Consider the general case of a com-
plex column with any number of feeds and with a liquid
{W,*) and vapor side stream (W,") withdrawn from each
plate (1 = j = N). For convenience, let the total molal
flow rate of component i in all feeds be denoted by FX,;
that is FX, = F.Xu + FoXou + ... .

Since the composition of the liquid in each withdrawal
stream W,* is the same as that on and leaving plate , it
follows that

)
() 2 v —ny+ (=) IE U TH () 0 — ho']

At

[H (xj)m — hi]

Continuation of this procedure yields the remaining liquid
rates, The balance that encloses the condenser and the ac-
cumulator is used to compute the condenser duty Q., and
the balance that encloses the entire column is used to
compute the reboiler duty. After each liquid rate L; has
been computed, the corresponding vapor rate V., is found
by use of a total-material balance expression:

Viu—L;—D + o[V°0u— L, — D]
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it = (35 ) o= (Z55) (%) (@
J o (29)

Thus, the additional specifications, the W,”s, do not lead
to any #s in addition to those required for the U,
namely 6., 6,, ..., 5. However, the specification of the
W,"’s does lead to an independent set of §’s, denoted by 4.",
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02",. 8, . . ., 8". When a procedure similar to that de-
scribed for Equation (21) is followed, the formula

N

any time period was 1% for a column with as many as
one hundred plates.

N+l

1
FXi + o[F'X" —d,"— b,"]— 2 (W' 4 w"y)° + —2 U

(di) o = =

pAL 5o

N

bi +1. x
1+a_l(—) [1+ U /B]+2[W’ +

dt ca 14 At j=o0 Uj

is obtained.

Suppose that for the previous case, the ,’s (mass or
volume) are specified instead of the U,’s. For this set of
specifications the # mehod of convergence consists of Equa-
tions (18), (19), and (23), where the formula for (d:)..
is obtained by replacing the denominator of the formula
given by Equation (30) by

b‘ Ni1 WL l .
1+a_l(—) +2[ ! +——]0,(u—’)

di eca j=0 Uj § 2 At di
§
w;.”
+ 26 (—}—)
j=1 di

TRUNCATION AND INHERITED ERROR

The error associated with the approximation of the inte-
gral for any given time period is called the truncation error.
As a consequence of the truncation error for any one time
period, the values of v,, for the beginning of the next time
period are in error. The error that carried over in this
tashion from one time period to the next is called inherited
error (14). In certain numerical methods (14), conver-
%elence to the desired solution depends upon the choice of
the size of At. However, as shown by Waggoner (28) for
0.5 < p < 1 the inherited error is bounded as the num-
ber of time periods approaches infinity. Ball (3) was the
first to observe instability of the implicit methed for u =
0.5. Furthermore, any finite A¢ consistent with the number
of digits available may be employed. From the standpoint
of application, the only limitation encountered in the
choice of At was that a At greater than 107 should be
used in the expressions for (d:)... Thus, any scheme may
be employed for the selection of the size of each At as
steady state is approached. In fact if a At of the order of
10" is selected, the steady state solution for problems
such as Example 1 is obtained at the end of the first time
increment.

ca

(31)

ca

Selection of the Size of the Time Increments

In order to obtain accurate transient values of the vari-
ables, small Af’s should be selected for the first few time
intervals after the upset has occurred. As steady state is
approached, larger At's may be used without significant
loss of accuracy in the transient values of the variables.
The following scheme appeared to give reliable results for
all problems considered. The At to be used for a prese-
lected number of time periods is computed such that + =
5, where

U,

=
At L,

At the end of every ten time periods thereafter the value
of = is reduced by one half or At is doubled. In order to
obtain some idea of the accuracy of this procedure, prob-
lems were solved in which the time periods were de-
creased in size until round-off error became apparent.
Relative to the most accurate of these results, the maximum
error in composition given by the proposed procedure for
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(30)

Lo () < Zar (2)
AL 4, —d':‘ +201 7.

ca j=1 ca

CALCULATIONAL PROCEDURE

In proceding from one time increment to the next, one
could choose to predict the values of such intermediate
variables as the x,,’s from which the corresponding values
of the T,’s and V,’s could be calculated. However, since
the direct prediction of the T,’s and V,’s requires less ef-
fort, this approach was elected. The point-slope predictor
(14) stated for T,

Tl = TJ

dT}
+ 2At —— (32)
t

ty-At d tn

th+At

was used to predict the values of T, and V, at the end
of the time period (t.+At). The derivatives of T; and V,
were evaluated numerically. After each V, had been pre-
dicted by the point-slope predictor, the corresponding
value of L; was computed by a material-balance equation.

In the following calculational procedure, it is supposed
that initially the column is at steady state, and that at zero
time an upset in the composition of the feed occurs. (Note
that other initial conditions and upsets may be selected.)

The calculational procedure for the case where the
molal holdups are specified is presented in detail, and
the procedures for the other cases are obtained by modi-
fication of this one.

Specification of the Holdups in Molal Units

1. Take p = 0.6 and choose the size of the first incre-
ment of time as described in the next section.

2. Assume values for the temperatures and L/V’s at
t,+At. For the first two trials, the values at time t, are
satisfactory. For the second and all subsequent time in-
crements, the values for T, and V; are predicted by use
of the point-slope predictor, see Equation (32).

3. On the basis of the specified Murphree efficiencies,
compute the E;/s. In the event a negative number is ob-
tained, use the positive value computed as described in
reference (7).

4. Compute di, b, 5, i, and v,: at the end of each
increment of time by use of the material-balance equa-
tions.

5. Find the #ssuchthat g, =go=gi=...=gv =0
[see Equation (22)] by use of the Newton-Raphson
method.

6. Compute the temperatures by use of the K, method
(7, 26). Note that after the corrected u,;’s have been
found in step 5, the corrected liquid mole fractions may
be computed directly from these.

7. Compute the L/V’s for the next trial by use of en-
thalpy and total-material balances.

8. For each time increment repeat steps 8 through 7
until |9, — 1] is equal to or less than a preselected number
of order of 10~ or 10 In practice, steps 8 through 7
were repeated a minimum of five times and a maximum
of ten times.

It is to be observed that the only trial and error in-
volved within a trial calculation for each Af is the deter-
mination of the 8,’s. For the case where the mass holdups
are specified, the following procedure is employed.
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TABLE 1. STATEMENT OF EXaMpLE 1

Initial conditions, steady state operation

Steady state solution

Specifications Vapor rates,
Component F°X° Other conditions Plate No. Temp., °F. moles/min.
C:Hs 60 D = 50, Vi = 150, boiling point 0 (condenser) 137.98 50.00
1n-C.Hio 20 liquid feed, total condenser, column 1 142.00 150.00
pressure = 300 Ib./sq. in. abs., three 2 148.43 146.32
n-CeHu 20 rectifying plates, three stripping 3 158.49 141.10
plates including the reboiler. The K 4 (feed) 179.33 130.98
data and enthalpy data are given in 5 199.78 123,73
Tables A-4 and A-8 of reference (7). 6 (reboiler) 248.58 109.10
Component ds b
CsHs 48.3711 11.6289
n-C.Ha 16.2849 x 107 18.3715
n-CeHus 43.6069 x 10~ 18.9996
Upsets for Example 1
Upset 1 Upset 2 Upset 3
(at zero time) (at 4 min.) (at 19 min.)
Component FX FX FX
C:H, 50 30 10 Other conditions
n-C4Hm 10 5 0
i-Ci-Hypo 10 20 40 All specifications and the molal holdups
n-CeH 30 45 50 are the same as those stated above.

Specification of the Holdups in Mass or Volumetric Units

For the first trial for the first increment of time (where
the initial condition is steady state), the variation of the
molal holdup is neglected. At the end of the first and all
subsequent trials, the molal holdups at time #,4-Af are
computed by use of Equation (23) and are employed for
the determination of the 4,’s.

When the volumetric holdups are specified, an ana-
logous procedure is employed.

ILLUSTRATIVE EXAMPLE AND TEST PROBLEMS

Example 1 (Table 1, Figures 1 and 2) was selected for
illustrative purposes. In this example, upsets in the feed
composition occur at times 0, 4, and 19 min. Also, note
that in the first upset the feed contains a component which
was not present initially. Each time an upset occurs, the

procedure for selecting the size of the Af’s is, of course,
initialized.

To test the calculational procedures presented, a wide
variety of problems was solved and recorded by Waggoner
(28). Problems involving complex columns with side
streams and pump-arounds were solved. Problems were
solved to show that a different holdup could be specified
for each plate or stage in terms of mass, volume, or molal
units. A set of modified Murphree eficiencies was specified
for an entire run, and the instantaneous vaporization effi-
ciencies were calculated therefrom by use of Equation
(7). Feeds having wide boiling ranges with thermal con-
ditions ranging from subcooled liquid to dew-point vapor
were used. Problems were solved in which the following
upsets as well as combinations of these upsets were spe-
cified: step change in the feed composition, step change
in the feed rate, and step change in the reflux ratio.
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Fig. 1. Transient values of the mole fractions on plates 1 and 3
after upsets 1, 2, and 3.
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To demonstrate the validity of the proposed procedures,
problems were formulated on the basis of experimental
observations of columns at unsteady state operation. In
particular, Waggoner (28) solved problems corresponding
to Runs 1 and 3 of Huckaba et al. (8), Runs 318,408-1,
and 408-2 of Huckaba et al. (9), and Runs F-10:1 and
F-18:2 of Armstrong and Wilkinson (I). The agreement
between the calculated and experimental results was good.

Use of a Modified 0 Method to Reduce Computing Time

In the interest of increasing the speed of performing the
calculations for each time period, a procedure involving
only one 8 for a conventional column was investigated and
found to give satisfactory results for all problems con-
sidered. For any one Af, the number of trials required to
obtain convergence by use of a single § was about the
same as that required when all of the §’s were employed.
Also, all problems considered converged to the correct
steady state solution where either one or all of the §'s were
employed, provided a sufficiently large number of time
periods was used. In the procedure that employs a single
0, each @, that appears in the formulas for (d,)., is re-
placed by 8. Thus, the g functions given by Equations
(22) and (24) reduce to the function g., which was
solved for ¢, by use of Newton’s method (16, 25). An
analogous procedure for complex columns was not investi-
gated, but it is anticipated that any scheme for reducing
the number of #’s should make use of 4, for the distillate
and a # for each side stream withdrawn. This choice of
¢’s corresponds to the number of §’s required to describe
complex columns at steady state operation (7).
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NOTATION

A;. = absorption factor for component i and plate §;
A= L!/(EMKHV:')

b, = molal flow rate of component i in the bottoms;
also denoted by Iy,

¢ = total number of components

d, = molal flow rate of component i in the distillate;
also denoted by v,

D = total molal flow rate of the distillate

E,, = instantaneous vaporization efficiency

E",; = instantaneous value of the modified Murphree ef-
ficiency

f(T,;) = temperature function for plate §

F = total molal flow rate of the feed or feeds

h;,H;. = enthalpies (molal) of pure component ¢ in the
liquid and vapor states, respectively, at the tem-
perature of plate j; these are expressed as poly-
nomials in temperature

H(x));. = 2 Hjna %y
=1
K, = equilibrium constant for component i at the tem-
perature of plate j; these functions are expressed
as polynomials in temperature

K;» = equilibrium constant for the base component at
the temperature of plate j; see references (7, 26)

I, = molal flow rate at which component i in the lig-
uid phase leaves plate j

L, = molal flow rate of component ¢ in the liquid part
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of a partially vaporized feed; for a bubble-point

liquid and subcooled feeds, I, = FX; for dew-

point vapor and superheated feeds, I,, = 0

liquid holdup (mass or volume) of component i

on plate §

total liguid holdup (mass or volume) on plate §

molecular weight of component i; also used to

denote the volume per mole for component i in

the liquid phase on each plate

constant appearing in the component-material

balance enclosing plate j; definition follows Equa-

tion (13)

condenser duty

stripping factor for component i and plate §;

S = (ENKHV!)/L!

time in consistent units; ¢, = particular time

temperature of plate §

liquid holdup (moles) of component i on plate j

total liquid holdup (moles) on plate j

molal flow rate at which component ¢ in the vapor

phase leaves plate f; also vy = ds

molal flow rate of component i in the vapor part

of a partially vaporized feed; for a bubble-point

liquid feed, vs, = 0; for bubble-point liquid and

subcooled feeds, v»+ = 0; and for dew-point

vapor and superheated feeds, vr: = FX,

total molal flow rate at which vapor leaves plate §

liquid withdrawal rate (molal) of component i

from plate §

vapor withdrawal rate (molal) of component i

from plate §

total liquid withdrawal rate (molal) from plate j

(I=j=N)

W," = total vapor withdrawal rate (molal) from plate {
(1=j=N)

x;c = mole fraction of component ¢ in the liquid leaving
plate §

X; = total mole fraction of component i in the feed
(regardless of state)

Xy, = total mole fraction of component i in the distillate
(regardless of state)

y;. = mole fraction of component i in the vapor phase
leaving plate §

Y;; = variable appearing in the efficiency relationships

&
I

(I

g s s ©
0 O R I T I TR

g
Il

=
I

Greek Letters

a = relative volatility of component { at the tempera-
ture plate f; o;s = K;u/Kj»
6, = multiplier associated with the distillate and bot-
toms
6, = multiplier associated with plate j
= multiplier for plate j used in the development of
the 4 method for columns at unsteady state opera-
tion

p = weighting factor used in the evaluation of an
integral in terms of the values of a function at
times £, and t,+At

p;i = constant appearing in the component-material
balances; definition follows Equation (13)

o = constant appearing in the component-material
balance and in the enthalpy balances; ¢ ==
(1 —p)/p

7; = dimensionless-time factor for plate j; r; = (U,/L;)/
Aty 7,0 = (U,°/L,°)/At, where At is the time in-
crement under consideration and not the previous
one

7, = multiplier in the expression for (1),

x;s = factor whose definition follows Equation (30)

Subscripts

ca = calculated value
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co = corrected value

i = component number; i=1 through i=c

i = plate number; the plates are numbered down
from the top of the colum; the condenser (total
or partial) is assigned the number 0, the top plate
the number 1, the feed plate the number repre-
sented by f, the bottom plate the number N, the
reboiler the number N41.

k = integer used for counting

m = mean value of a function

n = trial number
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APPENDIX

Development of Equations (16), (18), and (22)
Let the multiplier_r_j be defined by

(41 o =-‘E;(%f-) (bd).,

t7 ca

(A-1)

where (b:),, is one of the set of values for (d:),, and (us:).,
that are both in component-material balance and in agreement
with the specified values of D and the Uj’s. Equation (A-1)
implies

E

L= 2 ()

i=1

(A-2)

If after leaving the condenser it is supposed that the vapor
distillate is condensed on plate j = —1, Equation (A-1) be-

comes
(@)= (2) . (A-3)
b/,
Taking 6. = 1/7 Equation ( A-3) becomes
(@), =~(%) (0
di /., di/ .

From the definition of the mole fraction, Equations (A-1) and

(A-2), it follows that
L )
—_ b
( b4, " ( 4 )co

e

> (2—) (b)eo

=1

(lﬂ)co

Xy = =
]

(A-5)

By use of Equation (A-4), this epression may be stated in the
form given by Equation (18). Thus, the correct molal holdup
of component i on plate j is given by

U; M (ln >
- (d co
¢ di/ e J

L
2(3]‘:) (di):o (A-6)

ca
=1

(ust) oo = Uprys =

Observe that the expression enclosed by brackets is independ-
ent of i. Then, let
U,

i m—
e
2(?) .,

When convergence is obtained, each multiplier A; converges
to U;/L;. In order to retain the symmetry of the 6 method, a
corresponding 6; is defined for each A;. First, note that

Lis f
(t5e) o0 = x(u—) (‘;L) (o).

ca ca

(A-T)

(A-8)

Since the calculated values of us;: and l;» are based on the
same set of mole fractions, it follows that

7~ij Ujs Uj4
£l coz di’ ('I)': 0 ( ) d cn
(1s3) ( T ) (df ) (ds) 7). (ds)

(A-9)

Multiplication of both sides of Equation (A-7) by L;/U; yields

U;
6 = d (A-10)

$(5) .

. ca
i=1

Thus, where it is understood that the formula for (u;.),, is
given by Equation (A-9), Equation (A-10) may be restated
in the functional form given by Equation (22) for 0 = j = N.
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